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E.g. for the process

e (p1)+e"(p2) = 1 (qu) + 1 (q2)

Consider the Feynman diagram with the vacuum polarization
contribution

et (p2) k 1t (qz2)

e (p1) qa+k 1 (q1)
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E.g. for the process

e (p1)+e"(p2) = 1 (qu) + 1 (q2)

Consider the Feynman diagram with the vacuum polarization
contribution
1 (q2)

et (p2) k

e (p1) qa+k 1 (q1)

The amplitude
M = V(p2)iey* u(p1)iDFayu(q)ie* " (9)iDrup(q)a(q1)iey " v(g2)

contains the vacuum polarization tensor 17(q).
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4
ie’N* (q) = —/ 'k Tr [iev"iSk(k)iev” iSE(k + q)]
(2m)*

B d*k . ktmo Lkt g+m
= /(27r)4Tr l/eryﬂlk2 ey I_g/ey I(k n q)2 e
_ez/ d*k  Tr[y (k+m)" (k+ 4+ m)

(2m)* (k2 — m2 + ie) {(k +q)* - m? + is]

o If |k#| = A — oo, then the the diagram is quadratically
divergent. This kind of divergence is called the ultraviolet
divergence.

@ We must regularize the divergence.

@ The best way to do it is the dimensional regularization.
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Let us define in the D-dimensional space:

go = —gi=1, i=12,...,D—1,
8 = O, a# B,
ke = (ko, K. kD—l) :
guwg" = D,
Tr (") = 4g",
Tr (v#9"997) = 4(g"g” —g"’g” +g"g"").
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The basic integral in the D-dimensional space is:

b r(n—2 -
/0:/(c2—22.l;_k2)":i7rg(;(,7)2)(62+p2)2 7
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The basic integral in the D-dimensional space is:

" :/ dPk _ mg@ (Cz +p2)g—n7

where the integration measure

dPk = dk®dk!...dkP1,
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The basic integral in the D-dimensional space is:

b r(n—2 -
/0:/(c2—22.l;_k2)":i7rg(;(,7)2)(62+p2)2 7

where the integration measure
dPk = dk®dk!...dkP1,
and the Euler I function for integer n satisfies

Mn+1)=nl, (n+1)!=(n+1)nl
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The basic integral in the D-dimensional space is:

Io :/( dk _et\nm2) (n-8) (c2+p2)g_",

2 —2k-p—k2)" r(n)

where the integration measure
dPk = dk®dk!...dkP1,
and the Euler I function for integer n satisfies
Mn+1)=nl, (n+1)!=(n+1)nl
Thus, we have
Mx+1)=xl(x)

for real or complex arguments.

Ultraviolet divergences 5/24



@ The I'(x) function has poles at x =0,—-1,-2, ...,
@ where
n 2
MN=)=--— O(n), > 0,
(2) p ve+0(@m), n>0,
o v = 0.5722... is the Euler constant,

The formula for Iy is meaningful for any dimension D, in
particular for

D:4_777

however, for D = 4 and n = 2 it is logarythmically divergent.
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@ Tensor integrals in the D-dimensional space:

dPk k
I;L = / 2 £ 2n:_PuIOa
(c2—2k-p—k?)

| _ de k/_Lkl/ — | pupy, — lg (C2+p2)
" (2= 2k-p—k2)" — | 28 D

@ Excercise

Prove the above formulae by differentiating Iy with respect to
0/0pt.
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@ We want to absorb the divergence of the vacuum polarization
diagram in the electron charge. To this end let us define the
bare charge of the electron eg.

@ In D = 4 — 1 dimensions, we have

iegN™(q) = —€§ u”/ ((;;an Trpr ks m):by(k AT m)],

@ where
a=k>—m?+ie, b:(k+q)2—m2+i5,

@ and p is an arbitrary mass parameter.
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@ If there are two factors in the denominator, then we have:

1
1_1_/@
ab  ba 0[a+(b—a)z]2'

@ If there are three factors in the denominator, then we have:

1 X
abc ;) [a+ (b—a)x+ (c— b)y]

1 1—x
1
= 2 [dx [ dz .
0/ 0/ [a+ (b—a)x+ (c—a)z]®

Both formulae can be easily proved by the direct calculation of the
integral.
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o If there are n+ 1 factors in the denominator, then we have:

1 1 7]
/ / dZ2 / dZn
daodil ..

0

[ao + (a1 — a0)z1 + ... + (an — an—1)z,)"™

which can by proved by mathematical induction.
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For

a=k —mP+is, b=(k+q)?—m*+ic,

we have

/ dz
[a—l— —a)z [m2 ic — q?z — 2k - qz — K2]*
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For
a=k —mP+is, b=(k+q)?—m*+ic,
we have
dz
/[a—l— b—a)z [m2 ic — q?z — 2k - qz — K2]*
Thus

2N (q) = —e2 Mn/ (;;an Tr [y (k + m)az” (k+ 4+ m)
1
3 d*k e[y (K 4+ m) Y (K + g+ m)]
2 (“2) /dz/ m)* 1 [m? — ie — Pz —2k - qz —k?]*
—_— ——

c? P
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We see that

2=m?—ic—q’z, and p=qz.
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We see that

2=m?—ic—q’z, and p=qz.

Let us definne the function

2

Dy(z) = 4 p? = m* — ie — ¢°z(1 — 2).
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We see that

2=m?—ic—q’z, and p=qz.

Let us definne the function

2

Dy(z) = 4 p? = m* — ie — ¢°z(1 — 2).

Let us calculate the trace in the numerator

Tr [ (k+ m)v" (k+ ¢ + m)]
= (kakg + kag) Tr (779977 ) + m?Tr (44")
= (kakﬂ + kaQﬁ) 4 (g-MOégVﬁ _ g}U/gOéB + guﬂgalj) + m24g}’”/
= 42K~ g 4 KM+ gk — gk g+ mPgh ]
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Thus

iegN"(q)
o z/dz Ak Te [y (k + m) o (k + 4+ m)]
0 (2m)4=n (c2 _2k.p_k2)2
= —eo /dz

/ d* "k 4 [2k“k” — g"k? + kMg” + q'k” — gk - q + m*gh]
(2m)*=n (c2—2k-p—k?)?

X
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n
2

Iegl_ll”’(q) = 27_[_ 4 p /dz
y /d4_nk [2/(#/(1/ _ gm/k2 + k“q + ghk? — gk - q + ngw/]
(c2—2k-p— l<2)2
2
€0
— d
474 (47212 g / z
x [ - g“”gaﬁ/aﬁ + 14" + g"1” — g qal™ + m*g" Iy
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ie2MH (q) = & 1 /dz
0 4t (4W2M2)_g
0

X [2/’“’ — g‘“’gag/o‘ﬁ + 1HgY 4+ g*' 1Y — g qo ™ + m2g’“’lo}

2 2 2
I /dz 1o (407
= -3 plp” — g lo
44 (471' 2) [ ( 2 (1 4;77)
14 (0% 1 (6% c + v
—8""8ap (p P’ - 58 sl 4[_)77) ) b+ (=p"h)q
(1-%3)

+¢" (—p"lo) — &" o (—P*lo) + m*g"" Iy
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ieZI—Iulj( _ e02 /
0 q) = — [ dz
2

474 47r2
1 Dg(z) 5o 1 Dy(z)
< |2 g* S Z2\E) ) v (4 — ) 222
[(qqz 28 i) e\ 5 ( 77)_lJrg
—zq"q" — ¢"q"z + g"'q 2Z+m2g’“‘”]

4—n r - 4—n
L r(2)2) (Da(2)) 2 2
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g 1 T(3
71

P 2 MY
iegN*(q) = —i
’ A2 (amp2)”
1
D»(z) 1
d2/,¢1/2_,u,1/ _;w227;w4_
/Z[qqz A q°z" + 5"( 77)_1+g
0

—2¢"q"z +g" g’z + ng“”] Dx(z)~

% (2 ) (47m2)g 0/1 dz {q"q" (222 - 22)

NS

-~ —E
n

= g
—gh K—l — g +2+ Z) (—q22(1 —z)+ m2)

+q°2° — ¢’z — mz}} Dy(z)" 2.
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1
2 (2
g (q) = —i—2 (—75>/dz{—2q“q”z(1—z)
472 \ n J
Da(2)\"?
26" ¢Pz(1 — 2 Z)
1
-2
— (gtg” — ghV g2 ’ef>(2_ )/ _ <_77 Dz(z))
(qq g q) 272\ YE 0dzz(l z) (1 2|n47m2 .

We see that

M (q) = (q”q” - g“”q2) M (qz) ,
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where

() g |(2-e) - faru- a2
1217r2(2—7E+|n (47W ))

1
1 2 _ - 2
_Tﬂz/dzz(l—z)ln (m —I6—C]Z(1—Z)).
0

Denote: Cyy and /(g?), then
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Note that

1
/(0):/dzz(1—z)lnm2:élnm2.
0

Define the finite function:
X(¢*)=6l(¢°) —Inm* = X(0)=0,

then

() = g [Cov i X ()]
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The amplitudae in the Feynman gauge has the form:

N —igay . v NI, .
M = V(p2)ieoy*u(p1) (f;"‘“:egrw (9) j;ﬁu(ql)/eo’yﬁv(qg)
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The amplitudae in the Feynman gauge has the form:

N —igay . v NI, .
M = V(p2)ieoy*u(p1) (f;"‘“:egrw (9) j;ﬁu(ql)/eo’yﬁv(qg)
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The amplitudae in the Feynman gauge has the form:

N —igay . v NI, .
M = V(p2)ieoy*u(p1) (f;"‘“:egrw (9) j;ﬁu(ql)/eo’yﬁv(qg)

2
Ie 37 LV LV 1 -_—
= ?2V(pz)WU(p1)e§ (q’q — g q2>n<q2)?U(Q1)’7uV(Q2),
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The amplitudae in the Feynman gauge has the form:

o ] B
M = (p)ieoyu(pr) qg iegM" (q) qgﬁ (q1)ieoy’v(q2)

Ie2

- Balm)ed (o' - 60) 1 () Siaya)

q"u(q1)vwv(az) = t(q1) (41 + 42) v(q2) = t(q1)(m—m)v(q2) = 0,
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The amplitudae in the Feynman gauge has the form:

M = ¥(p2)iesy*u(pr)—

-
S je2 M4 (q) > B5(q1)ieny’ v(go)
Ie2

?OV(Pz)VuU(Pl)eo< qg'q” — gt > ( >7U ql)'Vu (q2)a

q"u(q1)vwv(az) = t(q1) (41 + 42) v(q2) = t(q1)(m—m)v(q2) = 0,

= M= 5329(132)%”(!71)(—63) n <q2> ila)"v(dz).
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The amplitudae in the Feynman gauge has the form:

v(p2)ieoy” u(p1)—

-
S je2 M4 (q) > B5(q1)ieny’ v(go)
Ie2

?OV(Pz)VuU(Pl)eo< qg'q” — gt > ( >7U ql)'Vu (q2)a

q"u(q1)vwv(az) = t(q1) (41 + 42) v(q2) = t(q1)(m—m)v(q2) = 0,

= M= ?V(Pz)%”(m)(—e@ n <q2> ila)"v(dz).

and the sum of the Born amplitude and the one-loop correction
reads:

Mo + M = ¥(p2)y,u (pl)is2 [1 — & (qQ)} u(q1)v"v(g2).
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We see that, compared to the amplitude My, the charge is replaced
with:

e — e [1—e§|’|(q2)}
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We see that, compared to the amplitude My, the charge is replaced
with:

eg — eg[l—egﬂ(qz)} — 1—|—e§gl'l(q2)
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We see that, compared to the amplitude My, the charge is replaced
with:

eg — eg[l—egﬂ(qz)} — 1—|—e§§|_|(q2)

(if we sum up all the one-particle-irreducible diagrams).
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We see that, compared to the amplitude My, the charge is replaced
with:

g — eg[l—egﬂ(qz)} — 1—|—e§gl'I(qZ)

(if we sum up all the one-particle-irreducible diagrams).

1272

e >

10 ()] = [1- 12 (cov - e - x(@)
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We see that, compared to the amplitude My, the charge is replaced
with:

g — eg[l—egﬂ(qz)} — 1—|—e§gl'I(qZ)

(if we sum up all the one-particle-irreducible diagrams).

1272

1 —X
+a°+ 3 X1 )]

10 ()] = [1- 12 (cov - e - x(@)

= eg
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We see that, compared to the amplitude My, the charge is replaced
with:

g — eg[l—egﬂ(qz)} — 1—|—e§(I%'I(qZ)

(if we sum up all the one-particle-irreducible diagrams).

1272

1 —X
+a°+ 3 X1 )]

= e [1 +apC + ;(;X(qz)] .

10 ()] = [1- 12 (cov - e - x(@)

:eg
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@ Define the renormalized charge in the one-loop approximation:

ed=ed(1+aC) = e =ex(l—-arG),

@ or exactly:

[e.e] o
ek =€} <1+Za8C,,> = e = ep (1—{—20[%8").

n=1 n=1

@ Let us calculate

eg [1—63“ <q2)] = e,% (1—aRC1)[1+ CGiag (1—aRC1)
X 2
+ :'(377')0”? (1 —OéRC;[)]
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@ The infinities contained in C; cancel each other

e [1- 3N (¢?)] = e {1 +ar(C— G)+ ;':X(f)} :

where we have discarded terms ~ a% in the square brackets
on the right hand side.
@ The renormalized amplitude in the one-loop approximation

reads:

je 2R X (g2
Mo + 11 = 72 ) T o),

We see that it is finite.
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