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Virtual corrections

E.g. for the process

e−(p1) + e
+(p2)→ µ

−(q1) + µ
+(q2)

Consider the Feynman diagram with the vacuum polarization
contribution

e−(p1)

e+(p2)

γ∗(q)

k

q + k

γ∗(q)

µ+(q2)

µ−(q1)

The amplitude

M = v̄(p2)ieγ
αu(p1)iDFαµ(q)ie

2Πµν(q)iDFνβ(q)ū(q1)ieγ
βv(q2)

contains the vacuum polarization tensor Πµν(q).
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Vacuum polarization

ie2Πµν(q) = −

∫
d
4k

(2π)4
Tr [ieγµiSF (k)ieγ

ν iSF (k + q)]

= −

∫
d
4k

(2π)4
Tr

[

ieγµi
/k +m

k2 −m2 + iε
ieγν i

/k + /q +m

(k + q)2 −m2 + iε

]

= −e2
∫
d
4k

(2π)4
Tr [γµ (/k +m) γν (/k + /q +m)]

(k2 −m2 + iε)
[

(k + q)2 −m2 + iε
]

If |kµ| = Λ→∞, then the the diagram is quadratically
divergent. This kind of divergence is called the ultraviolet
divergence.

We must regularize the divergence.

The best way to do it is the dimensional regularization.
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Dimensional regularization

Let us define in the D-dimensional space:

g00 = −gii = 1, i = 1, 2, ...,D − 1,

gαβ = 0, α 6= β,

kα =
(

k0, k1, ..., kD−1
)

,

gµνg
µν = D,

Tr (γµγν) = 4gµν ,

Tr (γµγνγργσ) = 4 (gµνgρσ − gµρgνσ + gµσgνρ) .
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Dimensional regularization

The basic integral in the D-dimensional space is:

I0 =

∫
d
Dk

(c2 − 2k · p − k2)n
= iπ

D
2

Γ
(

n − D
2

)

Γ(n)

(

c2 + p2
)D
2
−n
,

where the integration measure

d
Dk = dk0dk1...dkD−1,
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Dimensional regularization

The Γ(x) function has poles at x = 0,−1,−2, ...,

where

Γ

(
η

2

)

=
2

η
− γE +O(η), η > 0,

γE = 0.5722... is the Euler constant,

The formula for I0 is meaningful for any dimension D, in
particular for

D = 4− η,

however, for D = 4 and n = 2 it is logarythmically divergent.
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Dimensional regularization

Tensor integrals in the D-dimensional space:

Iµ =

∫
d
Dk kµ

(c2 − 2k · p − k2)n
= −pµI0,

Iµν =

∫
d
Dk kµkν

(c2 − 2k · p − k2)n
=



pµpν −
1

2
gµν

(
c2 + p2

)

(

n − 1− D
2

)



 I0.

Excercise
Prove the above formulae by differentiating I0 with respect to
∂/∂pµ.
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Vacuum polarization

We want to absorb the divergence of the vacuum polarization
diagram in the electron charge. To this end let us define the
bare charge of the electron e0.

In D = 4− η dimensions, we have

ie20Π
µν(q) = −e20 µ

η

∫
d
4−ηk

(2π)4−η
Tr [γµ (/k +m) γν (/k + /q +m)]

ab
,

where

a = k2 −m2 + iε, b = (k + q)2 −m2 + iε,

and µ is an arbitrary mass parameter.
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Feynman parametrization

If there are two factors in the denominator, then we have:

1

ab
=
1

ba
=

1∫

0

dz

[a+ (b − a)z ]2
.

If there are three factors in the denominator, then we have:

1

abc
= 2

1∫

0

dx

x∫

0

dy
1

[a+ (b − a)x + (c − b)y ]3

= 2

1∫

0

dx

1−x∫

0

dz
1

[a+ (b − a)x + (c − a)z ]3
.

Both formulae can be easily proved by the direct calculation of the
integral.
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Feynman parametrization

If there are n + 1 factors in the denominator, then we have:

1

a0a1...an
= n!

1∫

0

dz1

z1∫

0

dz2...

zn−1∫

0

dzn

1

[a0 + (a1 − a0)z1 + ...+ (an − an−1)zn]
n+1
,

which can by proved by mathematical induction.
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Vacuum polarization

For

a = k2 −m2 + iε, b = (k + q)2 −m2 + iε,

we have

1

ab
=

1∫

0

dz

[a+ (b − a)z ]2
=

1∫

0

dz

[m2 − iε− q2z − 2k · qz − k2]2
.

Thus

ie20Π
µν(q) = −e20 µ

η

∫
d
4−ηk

(2π)4−η
Tr [γµ (/k +m) γν (/k + /q +m)]

ab

= −e20

(

µ2
) η
2

1∫

0

dz

∫
d
4−ηk

(2π)4−η
Tr [γµ (/k +m) γν (/k + /q +m)]
[
m2 − iε− q2z
︸ ︷︷ ︸

c2

−2k · qz
︸︷︷︸

p

−k2
]2
.
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Vacuum polarization

We see that

c2 = m2 − iε− q2z , and p = qz .

Let us definne the function

D2(z) ≡ c
2 + p2 = m2 − iε− q2z(1− z).
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Let us definne the function

D2(z) ≡ c
2 + p2 = m2 − iε− q2z(1− z).

Let us calculate the trace in the numerator

Tr [γµ (/k +m) γν (/k + /q +m)]

= (kαkβ + kαqβ)Tr
(

γµγαγνγβ
)

+m2Tr (γµγν)

= (kαkβ + kαqβ) 4
(

gµαgνβ − gµνgαβ + gµβgαν
)

+m24gµν

= 4
[

2kµkν − gµνk2 + kµqν + qµkν − gµνk · q +m2gµν
]

.
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Vacuum polarization

Thus

ie20Π
µν(q)

= −e20

(

µ2
) η
2

1∫

0

dz

∫
d
4−ηk

(2π)4−η
Tr [γµ (/k +m) γν (/k + /q +m)]

(
c2 − 2k · p − k2

)2

= −e20

(

µ2
) η
2

1∫

0

dz

×

∫
d
4−ηk

(2π)4−η
4
[
2kµkν − gµνk2 + kµqν + qµkν − gµνk · q +m2gµν

]

(
c2 − 2k · p − k2

)2
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Vacuum polarization

ie20Π
µν(q) = −e20

(
µ2
) η
2

(2π)4−η
4

1∫

0

dz

×

∫

d
4−ηk

[
2kµkν − gµνk2 + kµqν + qµkν − gµνk · q +m2gµν

]

(
c2 − 2k · p − k2

)2

= −
e2
0

4π4
1

(4π2µ2)−
η

2

1∫

0

dz

×
[

2Iµν − gµνgαβ I
αβ + Iµqν + qµI ν − gµνqαI

α +m2gµν I0
]
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Vacuum polarization

ie20Π
µν(q) = −

e2
0

4π4
1

(4π2µ2)−
η

2

1∫

0

dz

×
[

2Iµν − gµνgαβ I
αβ + Iµqν + qµI ν − gµνqαI

α +m2gµν I0
]

= −
e2
0

4π4
1

(4π2µ2)−
η

2

1∫

0

dz



2



pµpν −
1

2
gµν

(
c2 + p2

)

(

1− 4−η
2

)



 I0

−gµνgαβ



pαpβ −
1

2
gαβ

(
c2 + p2

)

(

1− 4−η
2

)



 I0 + (−pµI0) q
ν

+qµ (−pν I0)− g
µνqα (−p

αI0) +m
2gµν I0

]
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Vacuum polarization

ie20Π
µν(q) = −

e2
0

4π4
1

(4π2µ2)−
η

2

1∫

0

dz

×

[

2

(

qµqνz2 −
1

2
gµν
D2(z)

−1+ η
2

)

− gµν
(

q2z2 −
1

2
(4− η)

D2(z)

−1+ η
2

)

−zqµqν − qµqνz + gµνq2z +m2gµν
]

× iπ
4−η

2

Γ
(

2− 4−η
2

)

Γ(2)
(D2(z))

4−η

2
−2

︸ ︷︷ ︸

I0
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Vacuum polarization

ie20Π
µν(q) = −i

e2
0

4π2
1

(4πµ2)−
η

2

Γ
(η
2

)

1

1∫

0

dz

[

2qµqνz2 − gµν
D2(z)

−1+ η
2

− gµνq2z2 +
1

2
gµν(4− η)

D2(z)

−1+ η
2

−2qµqνz + gµνq2z +m2gµν
]

D2(z)
−
η

2

= −i
e2
0

4π2

(
2

η
− γE

)(

4πµ2
) η
2

1∫

0

dz
{

qµqν
(

2z2 − 2z
)

−gµν
[(

−1−
η

2
+ 2+

η

2

)(

−q2z(1− z) +m2
)

+q2z2 − q2z −m2
]}

D2(z)
−
η

2 .
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Vacuum polarization

ie20Π
µν(q) = −i

e2
0

4π2

(
2

η
− γE

) 1∫

0

dz {−2qµqνz (1− z)

+2gµνq2z(1− z)
}(D2(z)

4πµ2

)
−
η

2

=
(

qµqν − gµνq2
) ie2

0

2π2

(
2

η
− γE

) 1∫

0

dzz (1− z)

(

1−
η

2
ln
D2(z)

4πµ2

)

.

We see that

Πµν(q) =
(

qµqν − gµνq2
)

Π
(

q2
)

,
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Vacuum polarization

where

Π
(

q2
)

=
1

2π2





(
2

η
− γE

)
1

6
−

1∫

0

dz z (1− z) ln
D2(z)

4πµ2





=
1

12π2

(
2

η
− γE + ln

(

4πµ2
))

−
1

2π2

1∫

0

dz z (1− z) ln
(

m2 − iε− q2z(1− z)
)

.

Denote: CUV and I (q
2), then

Π
(

q2
)

=
1

12π2

[

CUV − 6I
(

q2
)]

.

Karol Kołodziej Ultraviolet divergences 19/24



Vacuum polarization

Note that

I (0) =

1∫

0

dz z (1− z) lnm2 =
1

6
lnm2.

Define the finite function:

X (q2) = 6I (q2)− lnm2 ⇒ X (0) = 0,

then

Π
(

q2
)

=
1

12π2

[

CUV − lnm
2 − X

(

q2
)]

.
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Vacuum polarization

The amplitudae in the Feynman gauge has the form:

M = v̄(p2)ie0γ
αu(p1)

−igαµ
q2
ie20Π

µν(q)
−igνβ
q2
ū(q1)ie0γ

βv(q2)

=
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Π
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Vacuum polarization
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Vacuum polarization
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Vacuum polarization

The amplitudae in the Feynman gauge has the form:
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⇒ M =
ie2
0

q2
v̄(p2)γµu(p1)

(

−e20

)

Π
(

q2
)

ū(q1)γ
µv(q2),

and the sum of the Born amplitude and the one-loop correction
reads:

M0 +M = v̄(p2)γµu(p1)
ie2
0

q2

[

1− e20Π
(

q2
)]

ū(q1)γ
µv(q2).
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Vacuum polarization
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Charge renormalization

We see that, compared to the amplitude M0, the charge is replaced
with:

e20 → e20

[

1− e20Π
(

q2
)]

→
e2
0

1+ e2
0
Π (q2)
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1+ α0
(

− 1
3π

) (
CUV − lnm

2
)

+
α0
3π
X (q2)

]
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Charge renormalization

Define the renormalized charge in the one-loop approximation:

e2R = e20 (1+ α0C1) ⇒ e20 = e
2

R (1− αRC1) ,

or exactly:

e2R = e20

(

1+
∞∑

n=1

αn0Cn

)

⇒ e20 = e
2

R

(

1+
∞∑

n=1

αnRBn

)

.

Let us calculate

e20

[

1− e20Π
(

q2
)]

= e2R (1− αRC1) [1+ C1αR (1− αRC1)

+
X (q2)

3π
αR (1− αRC1)

]
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Charge renormalization

The infinities contained in C1 cancel each other

e20

[

1− e20Π
(

q2
)]

= e2R

[

1+ αR (C1 − C1) +
αR
3π
X (q2)

]

,

where we have discarded terms ∼ α2R in the square brackets
on the right hand side.

The renormalized amplitude in the one-loop approximation
reads:

M0 +M = v̄(p2)γµu(p1)
ie2R

[
1+ αR

3π
X (q2)

]

q2
ū(q1)γ

µv(q2).

We see that it is finite.
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